Limits on stellar structures in Lovelock theories of gravity by Chakraborty, Sumanta & Dadhich, Naresh
Limits on stellar structures in Lovelock theories of gravity
Sumanta Chakraborty∗1 and Naresh Dadhich†2
1School of Mathematical and Computational Sciences
and
School of Physical Sciences
Indian Association for the Cultivation of Science, Kolkata-700032, India
2IUCAA, Post Bag 4, Ganeshkhind, Pune 411007
May 18, 2020
Abstract
We study the bound on the compactness of a stellar object in pure Lovelock theories of arbitrary
order in arbitrary spacetime dimensions, involving electromagnetic field. The bound we derive for
a generic pure Lovelock theory, reproduces the known results in four dimensional Einstein gravity.
Both the case of a charged shell and that of a charge sphere demonstrates that for a given spacetime
dimension, stars in general relativity are more compact than the stars in pure Lovelock theories. In
addition, as the strength of the Maxwell field increases, the stellar structures become more compact,
i.e., the radius of the star decreases. In the context of four dimensional Einstein-Gauss-Bonnet gravity
as well, an increase in the strength of the Gauss-Bonnet coupling (behaving as an effective electric
charge), increases the compactness of the star. Implications are discussed.
1 Introduction and Motivation
Existence of stable stellar objects is a fundamental requirement that any theory claiming to describe
gravitational interaction around us must satisfy. The stability of such stellar objects can be arrived at
by balancing the gravitational force against pressure of the fluid material forming the stellar structure. If
the internal pressure of a star cannot balance the gravitational force, the star will collapse and will come
to equilibrium at a new radius where these two forces are balanced. However, if the gravitational force
is so strong that at no finite radius it can be balanced by the internal pressure, a black hole will form.
This raises an interesting question, how small a star can be, so that its internal pressure can balance its
tendency for gravitational collapse and stop it from becoming a black hole. Expressions for such limiting
compactness ratio for a stellar object was derived by Buchdahl in the context of general relativity. He
obtained the desired limit by considering an isotropic fluid star under very general conditions, which reads
(M/R) ≤ 4/9 [1–8]. It turns out that even for anisotropic distribution of stellar matter, the same limit on
the compactness of a stellar structure can be obtained [9]. This suggests that there is a region between
the compactness limit of a star and of a black hole, satisfying the relation (1/2) > (M/R) > (4/9), within
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which any stellar object cannot be stable and eventually becomes a black hole. This should hold for all
stellar objects irrespective of their composition, or, equivalently, the maximum compactness ratio of any
stellar object should always be smaller than that of the black hole. This acts as an acid test for viability
of any theory of gravity aiming to describe the world around us. At this stage it is worth mentioning
that in Einstein gravity, the compactness limit can also be derived by prescribing that gravitational field
energy must be less than or equal to half of the matter energy. The usefulness of this prescription stems
from the fact that, it involves gravitational field energy as measured by an observer in the exterior of the
stellar structure and hence makes no reference to the interior distribution, thereby making the analysis
universal [14, 24].
It turns out that most of the results discussed above modifies significantly for stellar structures in-
heriting Maxwell field. In particular, for a charged stellar object, the compactness limit depends on the
assumptions about the nature of the charged object, unlike the neutral case discussed above. In particular,
there can be more than one compactness limit depending upon the equation of state of the fluid and the
charge distribution within the stellar structure. This is because, the Maxwell field brings in additional
degrees of freedom in the theory, thus rendering the analysis to be an involved one [10–12]. Furthermore,
in Einstein gravity stable stellar structure, surrounded by a charged shell, can exist provided the electric
charge satisfies the following relation, (Q2/M2) < (9/8).
However all these discussions were mostly in the context of Einstein gravity in four spacetime dimensions
(for similar scenario in five dimensional Einstein-Gauss-Bonnet gravity, see [13,14]). Since it is natural to
expect that the spacetime will inherit additional spacelike dimensions at a higher energy scale, it seems
worthwhile to understand the fate of stellar structure in pure Lovelock theories. These being natural
candidates to describe gravity in higher dimensions, while remaining ghost free. The interest in the pure
Lovelock theories stem from the fact that in the past few years several interesting and attractive properties
of these gravity theories have been discovered [15]. Some of these properties include — (a) non-existence of
non-trivial vacuum solution in all critical odd d = 2N+1 dimensions, where N is the order of the Lovelock
polynomial [16, 17]; (b) thermodynamic features of general relativity continues to hold true in Lovelock
gravity as well [18,19]; (c) vacuum Einstein gravity in four spacetime dimensions becomes identical to pure
Lovelock theory of order N in d = 3N+1 dimensions [20,21]; (d) just like the equipartition of gravitational
and non-gravitational energy defines the horizon for pure Lovelock black holes [22,23], gravitational energy
being half of the non-gravitational energy provides the Buchdahl limit [24, 25]. Motivated by these set of
results [15, 26], we will study the compactness limit for stable stellar structures in pure Lovelock theories
in higher spacetime dimensions (d ≥ 2N + 1) with or without Maxwell field in this work (for earlier works
regarding stellar structure in pure Lovelock theories, see [25,27,28]).
Recently, there have also been some interest in the context of a four dimensional Einstein-Gauss-Bonnet
gravity, derived from a higher dimensional setting by taking the limit d→ 4, such that (d− 4)α is finite,
where α is the Gauss-Bonnet coupling parameter [29]. Even though there are several criticisms against this
model, including the above limiting procedure being invalid (for a few other problems with this approach,
see the subsequent discussions in this paper and [30–33]), we would like to explore whether it is possible
to have stellar structure in this context as well. This will act as an interesting test for the techniques used
to derive limits on the stellar structures in various other contexts, including the case of pure Lovelock
theories considered here. Moreover, as pointed out in [30], the Gauss-Bonnet coupling parameter behaves
as an effective charge for the system and hence is very much in tune with the stellar limit derived for pure
Lovelock black holes with Maxwell field.
The paper is organized as follows: We start by providing a brief introduction to the Lovelock theories of
gravity and the associated gravitational field equations in static, spherically symmetric context in Section
2. Using these equations we derive the limit on the stellar structure involving Maxwell field for a charged
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shell as well as for a charged sphere within the realm of pure Lovelock gravity in Section 3. As an
illustration of the techniques involved, we have also analyzed the stellar structure and a possible bound on
the same for four dimensional Einstein-Gauss-Bonnet gravity, where the redefined Gauss-Bonnet coupling
parameter behaves as an effective charge, in Section 4. Finally we conclude with a review on the results
obtained. Some relevant computations have been presented in Appendix A.
Notations and Conventions: We will set the fundamental constants c = 1 = ~ and shall use the mostly
positive signature convention. All the Roman indices (a, b, c, . . .) denote the spacetime indices running
from 0 to (d− 1).
2 A brief introduction to Lovelock theories of gravity
In this section we will provide a very brief introduction to the Lovelock theories of gravity, which will
become useful in the subsequent sections. The starting point is the action functional for the Lovelock class
of theories, which is a polynomial in the Riemann curvature, constructed in such a manner, that the field
equations derived from the same is second order. Expressed in an explicit manner, the action for Lovelock
theories of gravity in d spacetime dimensions takes the following form,
A =
∫
ddx
√−g
N≤(d/2)∑
i=0
κiδ
a1b1···aibi
c1d1···cidiR
c1d1
a1b1
· · ·Rcidiaibi . (1)
In the above action δa1b1···aibic1d1···cidi is the completely antisymmetric determinant tensor and R
ab
cd is the Riemann
curvature tensor. From the completely antisymmetric nature of the determinant tensor it follows that,
d ≥ 2N in order to have non-trivial contribution from the various terms in the action. For example, in
four spacetime dimensions one can have the Einstein-Hilbert and the Gauss-Bonnet term. In the above
action, κi denotes the coupling constants, with mass dimension [κi] = M
d−2i (since, we have set c = 1 = ~,
L = T = M−1). For example, κ0 = −(Λ/8piG), κ1 = (1/16piG) and κ2 = α, where Λ is the cosmological
constant ([Λ] = M2), G is the gravitational constant ([G] = M2−d) and α is the Gauss-Bonnet coupling
([α] = Md−4).
Starting from the above action, describing the Lovelock theories of gravity, one can determine the
associated field equations by variation of the action with respect to the metric. The field equations for
Nth order Lovelock gravity will involve N curvature tensors. Since our aim in this work is to study the
spherically symmetric stellar configuration in static equilibrium, we will present the field equations in the
context of a static and spherically symmetric metric with isotropic perfect fluid source. The metric ansatz,
compatible with the above symmetry, is taken to be,
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2d−2 , (2) {sph_symm_ansatz}
where ν(r) and λ(r) are arbitrary functions of the radial coordinate. The temporal and radial part of the
field equations arising out of the Lovelock action, presented above, take the following form,
∑
N
(d− 2)!
(d− 2N − 1)!κN
(1− e−λ)N−1
2r2N
[−Nrλ′e−λ − (d− 2N − 1) (1− e−λ)] = 1
2
T tt , (3) {gen_eq_love_01}
∑
N
(d− 2)!
(d− 2N − 1)!κN
(1− e−λ)N−1
2r2N
[
Nrν′e−λ − (d− 2N − 1) (1− e−λ)] = 1
2
T rr . (4) {gen_eq_love_02}
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Here, T tt and T
r
r are the temporal and radial part of the energy momentum tensor and the summation is
restricted such that N ≤ (d/2). As emphasized earlier, we have taken isotropic perfect fluid as the energy
momentum tensor, sourcing the gravitational field. Thus with the present symmetry we can safely assume
the energy momentum tensor to be, T ab = diag(−ρ(r), p(r), p(r), p(r), · · · ), such that the conservation
equation becomes,
dp
dr
+
1
2
dν
dr
(ρ+ p) = 0 . (5) {conservation}
We will use Eq. (3), Eq. (4) and Eq. (5) repeatedly in the later sections of this paper. The strategy is
simple, we have three differential equations involving derivatives of the unknown functions λ(r), ν(r) and
p(r). Given a equation of state p = p(ρ), one should be able to read off the radial profile of all these
functions, which can then be used to provide the desired limit on the equilibrium configuration of stellar
structure arising out of these gravity theories.
As an aside, we would like to answer the question, what happens to the gravitational field equations
presented above in an even spacetime dimension, such that d = 2N . In such a circumstance, it turns out
that all the Lovelock orders, withN > (d/2) drops out of the field equations and all the Lovelock orders with
N < (d/2) contributes. However, the Lovelock order with N = (d/2) does not contribute, since such terms
appear in the field equations with coefficient (d− 2N). This argument crucially requires the coupling κN
to be finite. Instead, if we assume that κN diverges as d→ 2N , but κN (d−2N) is finite, then the Lovelock
term with order N = (d/2) will contribute. For example, if one assumes the Gauss-Bonnet coupling α to
be finite then in four dimensions, the gravitational field equation is solely governed by the Einstein-Hilbert
term. However, if we let the Gauss-Bonnet coupling to diverge, while keeping (d− 4)α finite, then even in
four dimension one can have non-trivial contribution to the gravitational field equations. This has recently
been explored in [29], where vacuum solutions arising out of the gravitational field equations have been
studied. As a warm-up exercise, we will first derive the limit on the stellar structure for this recently
discussed Einstein-Gauss-Bonnet gravity in four spacetime dimensions and observe if some further insight
can be gained through this analysis.
Finally, we would like to provide a note of caution. Assuming the coupling constant κN to diverge,
while keeping (d−2N)κN finite, can have serious consequences in the quantum as well as classical domain.
As long as, the existence of solutions to the field equations are considered, the above procedure is possibly
unambiguous and will provide new solutions. But it may not have a well-posed boundary value problem.
This is because the existence of a well-behaved action principle is crucial for a theory to have a proper
boundary value problem [34, 35] and choosing the coupling constant to diverge will render the action
principle ill-posed (for other issues, see [31–33]). Further, in the quantum domain, the action functional
takes the central stage in the path-integral formulation, which cannot be defined for the theories with
diverging coupling constant. Thus even though the Lovelock theory with diverging coupling constant κN ,
but finite (d− 2N)κN , as d→ 2N , can have non-trivial classical solutions, these theories will most likely
fail to depict the gravitational theory at a microscopic level.
3 Limit on stellar structure in pure Lovelock theory with charged
matter
In this section we will discuss the limit on stellar structure for pure Lovelock theories, however in the
presence of charged matter. In particular, we will first derive the corresponding limit on the stellar
structure for a charged shell, which we will subsequently generalize to describe the limit on stellar structure
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with charged matter. The importance of this work can be grasped from its generality. All the previous
results derived in the context of four dimensional general relativity are a subclass of the situation being
considered here. Further, the technique adopted in this work will significantly differ from the one used
to find the limit on the stellar structure without Maxwell field, so we can check how generic is the result
derived in [25] in the absence of the Maxwell field.
3.1 Basic gravitational field equations
In this section we will write down the basic gravitational field equations, based on which the analysis
presented in the latter half of this work will follow. We will content ourselves with the realm of static and
spherically symmetric spacetime in d dimensions with the gravity theory being described by pure Lovelock
theory of order N . Thus the line element, fit for our purpose, takes the form as presented in Eq. (2). For
static and spherically symmetric case, there will not be any vector part to the four-vector potential Aµ of
the Maxwell field and the scalar potential, which will only depend on the radial coordinate, will provide
the non-zero contribution. Since At is the only non-zero component of the Maxwell field Aµ and it depends
on r alone, it follows that the F tr component of the Maxwell field tensor will be non-zero. To determine
the same, we will consider the sourced Maxwell’s equations, which in the present context, becomes
1√−g ∂i
(√−gF ki) = 4piJk . (6)
In the above expression, the source term Jk has the following behaviour, Jk = ρel(r)u
k, where ρel(r) is the
electric charge density and uk = (e−ν/2, 0, 0, 0) is the four-velocity of a static observer in the static and
spherically symmetric spacetime described by Eq. (2). For this static and spherically symmetric ansatz it
also follows that,
√−g = rd−2e(ν+λ)/2Ωd−2, where Ωd−2 provides the angular contribution and hence the
above Maxwell’s equations can be expressed in the following form,
1
rd−2e(ν+λ)/2
∂r
(
rd−2e(ν+λ)/2F tr
)
= 4piρel(r)e
−ν/2 . (7)
The above equation can be expressed in a suggestive form by defining the charge function q(r) as, q(r) ≡
rd−2e(ν+λ)/2F tr, yielding,
q(r) = 4pi
∫ r
dr rd−2eλ/2ρel(r) . (8)
The above expression relates the Maxwell field tensor with the electric charge density ρel.
The next task is to write down the gravitational field equations. For that we need to know the source
of the gravitational field. The source of gravitational field includes both the charged fluid with charge
density ρel and matter with energy density ρ(r), radial pressure p(r) and transverse pressure p⊥. Thus,
the energy momentum tensor associated with the matter field correspond to, T ab = diag(−ρ, p, p⊥, . . . , p⊥).
On the other hand, the components of the energy momentum tensor associated with the Maxwell field can
be expressed as,
T tt =
1
8pi
F trFtr = − 1
8pi
eν+λ(F tr)2 = − 1
8pi
eν+λ
(
q(r)
rd−2e(ν+λ)/2
)2
= − q
2(r)
8pir2(d−2)
, (9)
T rr = T
t
t = −
q2(r)
8pir2(d−2)
, (10)
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T⊥⊥ = −
1
8pi
F trFtr =
q2(r)
8pir2(d−2)
. (11)
Thus combining together we obtain, the total energy momentum tensor of matter and electromagnetic
field, acting as the source of the gravitational field equations, to have the following form,
T ab = diag
(
−ρ− q
2(r)
8pir2(d−2)
, p− q
2(r)
8pir2(d−2)
, p⊥ +
q2(r)
8pir2(d−2)
, . . . , p⊥ +
q2(r)
8pir2(d−2)
)
. (12)
Therefore, one can immediately write down the temporal and radial part of the gravitational field equations
associated with Nth order pure Lovelock gravity by taking a cue from Eq. (3) and Eq. (4) respectively.
In particular we substitute m = N in those equations and choose the coupling constant κN appropriately
such that the temporal part of the gravitational field equations for Nth order pure Lovelock theory takes
the following form,
(1− e−λ)N−1
2N−1r2N
[
rNλ′e−λ + (d− 2N − 1)(1− e−λ)] = 8piρ+ q2(r)
r2(d−2)
. (13) {rho_lovelock_charge}
Taking the limit d = 4 and N = 1, one can explicitly demonstrate that the above equation identically
coincides with the respective one in general relativity in geometrized units. Proceeding in an identical
manner, from Eq. (4), the radial part of the gravitational field equations can also be expressed as,
(1− e−λ)N−1
2N−1r2N
[
rNν′e−λ − (d− 2N − 1)(1− e−λ)] = 8pip− q2(r)
r2(d−2)
. (14) {radial_lovelock_charge}
In this case as well the corresponding general relativistic counter part can be derived by substituting d = 4
and N = 1 in the above equation. We already have the equation determining q(r), given ρel(r). The above
equations determines the unknown metric functions eν(r) and eλ(r) given the matter content. Finally, the
conservation of the matter energy momentum tensor yields the following equation,
d
dr
(
p− q
2(r)
8pir2(d−2)
)
+
ν′
2
[(
ρ+
q2(r)
8pir2(d−2)
)
+
(
p− q
2(r)
8pir2(d−2)
)]
+
(
d− 2
r
)[(
p− q
2(r)
8pir2(d−2)
)
−
(
p⊥ +
q2(r)
8pir2(d−2)
)]
= 0 , (15)
which can be re-expressed in the following form,
d
dr
(
p− q
2(r)
8pir2(d−2)
)
+
ν′
2
(ρ+ p) +
(
d− 2
r
)[
(p− p⊥)− q
2(r)
4pir2(d−2)
]
= 0 . (16) {conservation_lovelock_charge_01}
We observe that in the absence of the Maxwell field, i.e., with q(r) = 0, the above equation reduces to the
standard conservation relation for anisotropic perfect fluid in d spacetime dimensions. Thus if ρ(r) and
p⊥(r) are given, the radial pressure can be derived from the above equation.
Therefore we have three independent equations, the temporal and the radial gravitational field equations
depicted by Eq. (13) and Eq. (14), as well as the conservation relation for the matter energy momentum
tensor, presented in Eq. (16). One can use these three equations to derive an equation in terms of the
transverse pressure alone, which will turn out to be useful in later part of the analysis. To derive that we
start by taking a radial derivative of Eq. (14), which yields,
d
dr
(
8pip− q
2(r)
r2(d−2)
)
=
(1− e−λ)N−1
2N−1r2N
[
Nν′e−λ + rNν′′e−λ − rNλ′ν′e−λ − (d− 2N − 1)e−λλ′]
6
+
[
rNν′e−λ − (d− 2N − 1)(1− e−λ)] [−2N(1− e−λ)N−1
2N−1r2N+1
+
(N − 1)λ′e−λ(1− e−λ)N−2
2N−1r2N
]
.
(17)
The left hand side of the above equation can be eliminated by using the conservation relation in Eq. (16),
which yields,
−4piν′ (ρ+ p)−
(
d− 2
r
)[(
8pip− q
2(r)
r2(d−2)
)
−
(
8pip⊥ +
q2(r)
r2(d−2)
)]
=
(1− e−λ)N−1e−λ
2N−1r2N
[Nν′ + rNν′′ − rNλ′ν′ − (d− 2N − 1)λ′]
+
[
rNν′e−λ − (d− 2N − 1)(1− e−λ)]( (1− e−λ)N−1
2N−1r2N
)[−2N
r
+
(N − 1)λ′e−λ
(1− e−λ)
]
. (18) {reduced_lovelock_01}
In order to determine an equation involving the transverse pressure alone, we would like to replace the
quantity (ρ+p) as well as the term involving pressure, appearing in the above equation, in terms of metric
variables. This can be done by addition of Eq. (13) and Eq. (14), which leads to the following expression,
8pi (ρ+ p) =
(1− e−λ)N−1
2N−1r2N
[
rNν′e−λ + rNλ′e−λ
]
=
Ne−λ(1− e−λ)N−1
2N−1r2N−1
(λ′ + ν′) . (19) {total_lovelock}
Substituting of Eq. (19) for (ρ+p), as well as use of Eq. (14) to replace the term involving radial pressure,
we obtain from Eq. (18) the following expression,(
d− 2
r
)(
8pip⊥ +
q2(r)
r2(d−2)
)
=
(1− e−λ)N−1e−λ
2N−1r2N
[
Nν′ + rNν′′ − rNλ′ν′ − (d− 2N − 1)λ′
]
+
(1− e−λ)N−1e−λ
2N−1r2N
[
rNν′ − (d− 2N − 1)(eλ − 1)] [−2N
r
+
(N − 1)λ′e−λ
(1− e−λ)
]
+
(1− e−λ)N−1
2N−1r2N
(
d− 2
r
)[
rNν′e−λ − (d− 2N − 1)(1− e−λ)]+ Ne−λν′(1− e−λ)N−1
2Nr2N−1
(
λ′ + ν′
)
.
(20) {reduced_lovelock_02}
The above expression can be further simplified and expressed in a compact form. Since there can be
several possibilities, we will express the above equation in a form which will be most suitable for our later
applications, yielding,(
8pip⊥ +
q2(r)
r2(d−2)
)
=
N(1− e−λ)N−1e−λ
2N−1(d− 2)r2N−1
[{
ν′ + rν′′ − rλ
′ν′
2
− (d− 2N − 1)λ′ + rν
′2
2
}
+
{
(d− 2N − 2) ν′ + rν′λ′ (N − 1)
eλ − 1 −
(d− 2N − 2)(d− 2N − 1)
Nr
(
eλ − 1)}] . (21) {reduced_lovelock_n}
This provides the sought after expression for the transverse pressure in terms of the static and spherically
symmetric metric functions. Thus we can either consider Eq. (13), Eq. (14) and Eq. (16) as the three
sets of independent equations to solve for, or we may consider Eq. (13), Eq. (14) and Eq. (21) as the
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independent set os equations. In the second case Eq. (16) follows as a consequence of these three equations
and hence not independent.
Before moving forward to the next section, let us briefly discuss a subclass of the above system, which
corresponds to isotropic stellar structure. In this case p⊥ = p and hence we can even eliminate pressure
from the above equation and obtain an expression which has no reference to the matter energy momentum
tensor, but depends solely on the Maxwell field. As this expression will be key to our calculation of the
limit on stellar structure, we will present it below. This can be obtained by substituting p = p⊥ in Eq. (18),
and using Eq. (19) to replace the (ρ+ p) term. This yields,
2(d− 2)
r
(
q2(r)
r2(d−2)
)
=
N(1− e−λ)N−1e−λ
2N−1r2N
[{
ν′ + rν′′ − rλ
′ν′
2
− (d− 2N − 1)λ′ + rν
′2
2
}
+
{
− 2Nν′ + rν′λ′ (N − 1)
eλ − 1 +
2(d− 2N − 1)
r
(
eλ − 1)}] . (22) {reduced_lovelock_charge}
This is the equation we were after, which depends solely on the Maxwell field has no dependence on the
energy-momentum tensor of the stellar material. We would like to emphasize that such a relation can
be derived only for isotropic fluid. The last equation will be used in the next section, after some more
information about the metric elements have been obtained.
3.2 Metric elements exterior and interior of the stellar structure
We have already presented all the key equations arising out of gravitational and electromagnetic field
equations, in the present context of a charged fluid sphere in pure Lovelock gravity. In this section we will
try to solve these equations and obtain the behaviour of the metric elements both inside and outside the
charged sphere. Among all the metric coefficients, determining e−λ is the simplest and hence we will start
by computation of this quantity. For this purpose, we may refer to the following identity,
d
dr
[
rd−2N−1(1− e−λ)N
]
= rd−2N−2
[
rNλ′e−λ + (d− 2N − 1)(1− e−λ)
]
(1− e−λ)N−1 . (23)
Using this identity, the field equation for e−λ, presented in Eq. (13), can be expressed as,
d
dr
[
rd−2N−1(1− e−λ)N
]
=
(
8piρ+
q2(r)
r2(d−2)
)
2N−1rd−2 (24)
It is straightforward to integrate this equation over the radial coordinate upto some radial distance r,
starting from the origin. If the upper limit r is within the stellar structure, the solution will be referred to
as the interior solution. While for r > R, where R is the radius of the star, the corresponding solution will
be referred to as the exterior solution. Let us first write down the interior solution for the metric element
e−λ, which reads,
e−λint = 1−
(
2Nminertial(r)
rd−2N−1
+
F (r)
rd−2N−1
)1/N
. (25) {metric_lovelock_01}
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Here we have defined the mass function minertial(r) (also referred to as the inertial mass) and the charge
function F (r) as,
minertial(r) ≡ 4pi
∫
dr ρ(r)rd−2 ; F (r) ≡ 2N−1
∫
dr
q2(r)
rd−2
. (26)
Note that the inertial mass accounts for the effect from stellar matter alone and has no contribution from
the Maxwell field. However since all matter fields contribute to gravity, it is expected that the Maxwell
field will also contribute in the ‘gravitational mass’, which in this context is defined as,
mgrav(r) ≡ minertial(r) + 2−NF (r) + 2−N q
2(r)
rd−3
. (27)
Using the above definition of the gravitational mass, one can indeed eliminate the inertial mass term from
Eq. (25) in favour of the gravitational mass and hence the radial metric component becomes,
e−λint = 1−
(
2Nmgrav(r)
rd−2N−1
− q
2(r)
r2d−2N−4
)1/N
. (28) {metric_lovelock_02}
The metric exterior to the stellar material, which is extended upto radius R, can be determined by
evaluating the integrals in mgrav and q(r) upto radius R. It is natural to define mgrav(R) ≡ M , the
gravitational mass attributed to the stellar object by an observer at infinity and q(R) ≡ Q the total
electric charge of the stellar object. Thus the metric exterior to the stellar object takes the following form,
e−λext = 1−
(
2NM
rd−2N−1
− Q
2
r2d−2N−4
)1/N
. (29) {charge_ext}
It is possible to arrive at the above expression for e−λ by explicitly integrating the field equations in the
exterior as well. Thus we have determined the metric coefficient e−λ, both inside and outside the star,
which will be extremely useful in the following discussion.
The remaining bit corresponds to determination of eν , which is not at all straightforward to compute
in the interior of the stellar material. However in the exterior vacuum spacetime both ρ and p identically
vanishes, thus use of Eq. (19) uniquely determines, νext = −λext, such that, eνext = e−λext , where e−λext
has the expression given by Eq. (29). The determination of eν in the interior of the stellar material
requires the following steps. To start with one assumes that the stellar material is isotropic, therefore
Eq. (22) becomes directly applicable in this context. Subsequently, multiplying both sides of Eq. (22) by
{2Nr2Neλ/N(1− e−λ)N−1} and then rearranging the terms we obtain,
−2ν′ + 2rν′′ − rλ′ν′ + rν′2 − 4(N − 1)ν′ + 2rν′λ′ (N − 1)e
−λ
1− e−λ
=
2N−1r2Neλ
N(1− e−λ)N−1
(
4(d− 2)
r
× q
2(r)
r2(d−2)
)
+
2 (d− 2N − 1)
r
{
rλ′ − 2(eλ − 1)} . (30)
It is possible to re-express this equation in a very compact and useful form by using the identities depicted
in Appendix A (see in particular, Eq. (A.5) and Eq. (A.6) in Appendix A). This yields,
e−(λ+ν)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
d
dr
[
1− e−λ
2r2
]{
−rν
′(N − 1)e−λ
1− e−λ + (d− 2N − 1)
}
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+
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)
(31) {main_lovelock_01}
This is the final equation we were looking for. Note that the right hand side of the above equation depends
solely on the charge term and the metric coefficient e−λ and hence using either Eq. (25) or Eq. (28),
it is possible to express the right hand side of this equation in terms of the matter density and charge
density. Then subsequent integration should yield eν . In what follows we will not attempt to integrate and
solve this equation, rather we will try to derive certain restrictions on the radius of the star arising out of
physically motivative requirements imposed on this equation. In this context, it will be advantageous to
express the above equation, either in terms of minertial, or in terms of mgrav. Use of Eq. (28) helps one to
express Eq. (31) in terms of the gravitational mass of the stellar material, which yields,
e−(λ+ν)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
2N−1
(1− e−λ)N−1
[
d
dr
(
mgrav(r)
rd−1
)
− d
dr
(
2−Nq2(r)
r2d−4
)]{
(d− 2N − 1)
N
− rν
′(N − 1)e−λ
N(1− e−λ)
}
+
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)
. (32) {main_lovelock_02}
On the other hand, use of Eq. (25) helps one to express Eq. (31) in terms of the inertial mass. The
corresponding differential equation for eν takes the following form,
e−(λ+ν)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
2N−1
(1− e−λ)N−1
[
d
dr
(
minertial(r)
rd−1
)
+
q2
2r2d−3
− (d− 1) F (r)
2Nrd
]{
(d− 2N − 1)
N
− rν
′(N − 1)e−λ
N(1− e−λ)
}
+
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)
. (33) {main_lovelock_03}
It is worth empasizing that the limit to four dimensional Einstein gravity corresponds to N → 1 and
d→ 4, under which the above equation reduces to,
e−(λ+ν)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
[
d
dr
(
minertial(r)
r3
)
+
5q2
2r5
− 3F (r)
2r4
]
. (34) {main_lovelock_gr}
As one can immediately verify, the above result identically matches with the one presented in [10] for a
charged stellar object in four dimensional Einstein gravity. This concludes our discussion regarding the
behaviour of metric elements inside and outside a stellar structure. We will now proceed to discuss possible
limits on the stellar structure arising out of this analysis.
3.3 The case of a charged shell
In this section we will discuss the case of a charged shell of ignorable thickness, with total charge Q,
surrounding a isotropic and spherical massive object of mass Mint and radius R. As we will see, given
the mass of the spherical object and its charge the radius cannot take any arbitrary value, rather it has
to satisfy certain constraint. This will provide the sought for limit on the stellar structure obeying the
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laws of Nth order pure Lovelock gravity in d spacetime dimensions. Since we are assuming the shell to be
very thin, it does not contribute to the ‘inertial’ mass of the system. In order to contribute to the electric
field, we assume that the energy momentum tensor of the shell has the following non-zero components,
T θ1θ1 = Sδ(r −R) = · · · = T
φ
φ . Here δ(r −R) is a (d− 1) dimensional delta function, peaked at the radius
of the star and defined through the following integral,
4pi
∫
dr rd−2δ(r −R) = 1 . (35)
Following which, the solution for the metric element e−λ, interior to the charged shell can be determined
by setting q(r) = 0 in Eq. (25) and hence it takes the following form,
e−λint = 1−
(
2Nminertial(r)
rd−2N−1
)1/N
, (36)
where minertial(R) = Mint. Similarly the exterior solution will be identical to the one presented in Eq. (28).
From the continuity of the metric elements across the surface of the stellar object located at radius R, it
follows that
M = Mint(R) +
Q2
2NRd−3
, (37) {shell_mass_relation}
where M is the gravitational mass as observed by a distant observer outside the stellar structure. Since
the modifications due to the charged shell are appearing in the angular part, it follows that the temporal
and the radial part of the Lovelock gravitational field equations, i.e., Eq. (13) and Eq. (14) will remain
identical. However the conservation equation will be modified, yielding
d
dr
(
p(r)− q
2(r)
8pir2(d−2)
)
+
ν′
2
(ρ+ p)− (d− 2)S
r
δ(r −R) = 0 . (38) {conservation_lovelock_charge_02}
The rest of the analysis can be performed in a straightforward manner, following the key steps depicted
in the previous sections. One first uses Eq. (14) and Eq. (19) to arrive at an expression involving the
charge density S. The resulting equation can be simplified further using the results from Appendix A, see
e.g., Eq. (A.5) and Eq. (A.6) in Appendix A. This yields the following differential equation for the metric
function eν ,
e−(λ+ν)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
d
dr
[
1− e−λ
2r2
]{
(d− 2N − 1)− rν
′(N − 1)e−λ
1− e−λ
}
+
2N−1(d− 2)4pi
N(1− e−λ)N−1 r
2N−3Sδ(r −R) . (39) {main_lovelockn}
The above equation can be immediately integrated over the extent of the charged shell to obtain the
difference between eν/2 at the two ends of the charged shell in terms of the quantity S. In deriving this
result, one needs to use the fact that e−λ is continuous across the shell. Since outside eνext = e−λext ,
one can determine the difference ∆eν/2, explicitly in terms of Q and p−, using Eq. (14) and Eq. (28)
respectively. This will yield S as a function of the internal pressure p− and the total charge of the shell
Q. Since this relation will not be of much use in the later part, we will will present it here.
Rather, we will integrate Eq. (39), from a radius r within the spherical matter distribution to the lower
surface of the spherical shell. Since within the lower radius of the shell, there are no charges present, the
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terms proportional to S in Eq. (39) will not contribute. Interestingly, the combination r−2(1− e−λ) is the
average density of the matter distribution within the charged shell and for physically realistic material it
must decreases as the radial coordinate increases. Thus the left hand side of Eq. (39) will turn negative
and hence the above integration will yield,
1
r
e−λint/2
d
dr
eνint/2 ≥ 1
R
e−λint/2
d
dr
eνint/2
∣∣∣
R−
≥ (d− 2N − 1)
NR2
(
Mint
Rd−2N−1
)1/N
, (40)
where, continuity of e−λ across the shell and expression for ν′int from Eq. (14) has been used. Note that
the above expression also requires positivity of pressure throughout the star, which is physically well-
motivated. This result can be further extended by integrating the above differential equation once again
and then following the steps presented in [25]. This yields the following bound on the radius of the stellar
object,
M
1/N
int ≤
2N(d−N − 1)
(d− 1)2 R
(d−2N−1)/N . (41)
Using Eq. (37), one can express the above inequality in terms of the compactness ratio (M/R), where
M =Md−2N−1 and the dimensionless charge ratio (Q/M)M1−N , yielding,[(M
R
)d−2N−1
− 1
2N
(M
R
)2d−2N−4(
Q
MMN−1
)2]1/N
≤ 2N(d−N − 1)
(d− 1)2 . (42) {Buchdahl_Charged_Shell}
The usefulness of the above formula follows from the fact that it is composed of dimensionless quantities
and hence can be immediately used for comparison. In particular, for vanishing electric charge, the above
inequality coincides with the one presented in [25] for pure Lovelock theories and for general relativity
it will yield the Buchdahl bound on the stellar structure. In addition, the above inequality explicitly
demonstrates that the gravitational potential Φ defined as, e−λ ≡ 1 − 2Φ, satisfies the inequality, Φ ≤
{2N(d − N − 1)/(d − 1)2}. This translates to the Buchdahl limit in the absence of Maxwell field in
Einstein gravity, as the potential in Einstein gravity is simply (M/R) in absence of the Maxwell field in
four spacetime dimensions. Unfortunately, for general choices of the spacetime dimension d and Lovelock
order N , the above inequality cannot be converted into a possible constraint on the radius R of the stellar
object. However, for certain specific situations one can indeed arrive at the desired limit on the radius R
of the charged shell, some of which we will discuss below.
• Einstein gravity: As a first example, consider the case of Einstein gravity (i.e., N = 1) in d
spacetime dimensions. Substituting N = 1 in Eq. (42) and manipulating the resulting expression
appropriately we obtain the following constraint on the radius R of the object,
4(d− 2)
(d− 1)2R
2d−6 − 2MRd−3 +Q2 ≥ 0 . (43)
The left hand side of the above inequality is an quadratic expression in Rd−3. Hence the above
inequality will be satisfied if R is greater than the largest root arising out of this quadratic expression,
when the equality holds. This yields the following bound on the radius of the shell in terms of
dimensionless quantities,
M
R
≤
{
4(d− 2)
(d− 1)2
1 +
√
1− 4(d− 2)
(d− 1)2
(
Q
M
)2−1}1/(d−3) , (44) {constraint_shell}
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Figure 1: The above figures depict the allowed parameter space in the compactness ratio (M/R) and charge
ratio (Q/M) plane for the existence of a stable stellar structure in Einstein gravity (hereMd−3 = M). As
evident, the compactness ratio is always smaller than the event horizon. The left figure is for d = 4 and
the right figure is for d = 7. The green zone, whose boundary is the blue line, depicts the event horizon,
while the existence of stable stellar structure is allowed below the red, dot-dashed line.
where the mass of the stellar mass M is related to the quantity M as, M =Md−3. A quick check
of this bound corresponds to the case of four dimensional Einstein gravity, for which M =M. This
can be obtained by setting d = 4 in the above inequality, which yields,
M
R
≤ 8
9
1 +
√
1− 8
9
(
Q
M
)2−1 . (45)
As one can explicitly check, this matches with the result derived in [10] and for Q = 0, it reduces
to the Buchdahl limit for general relativity. It is instructive to plot the parameter space allowed by
the above inequality in the space of compactness ratio and charge ratio, which have been presented
in Fig. 1. As both the plots, for four and seven spacetime dimensions, in Fig. 1 demonstrate,
the compactness ratio increases with increases of the charge ratio. This is evident, since presence
of electric charge will act against gravity and hence the radius of the stable stellar structure will
decrease to compensate for the same, thus increasing the compactness ratio. In addition, increase of
spacetime dimension increases the allowed parameter space, which a quick comparison between the
two plots in Fig. 1 demonstrates. This is because, increase of spacetime dimension, makes gravity
stronger and hence the radius of the stellar structure decreases.
• Seven dimensional pure Gauss Bonnet gravity: As another example, consider the case of seven
dimensional pure Gauss-Bonnet gravity. In this case we may substitute d = 7 and N = 2 in the
inequality presented in Eq. (42), from which we obtain,√(
M
R2
− Q
2
4R6
)
≤ 16
36
=
4
9
. (46)
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Figure 2: The above figures depict the allowed parameter space in the compactness ratio (M/R) and
charge ratio (Q/MM) plane for the existence of a stable stellar structure in pure Gauss-Bonnet gravity.
The left figure is for d = 6 and the right figure is for d = 7 (here M = Md−5). The green zone, whose
boundary is the blue line, depicts the event horizon, while the existence of stable stellar structure is allowed
below the red dot-dashed line. As evident, the compactness ratio of the event horizon is always larger than
any stable stellar structure.
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Figure 3: The above figure compares the allowed region in the compactness ratio and charge ratio plane
for the existence of a stable stellar structure in Einstein and in pure Gauss-Bonnet gravity in d = 7. As
evident, the allowed region for pure Gauss-Bonnet gravity for stable stellar structure is smaller compared
to the Einstein gravity.
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Note that for Q = 0, the above inequality provides the Buchdahl limit for a massive star in four
dimensional general relativity. This is because in vacuum spacetimes, pure Lovelock gravity in
d = 3N+1 dimension is indistinguishable from general relativity in four dimension, which is in exact
agreement with the results presented in [20]. By squaring the above expression and manipulating
the relevant terms we immediately obtain the following inequality,
64
81
R6 − 4MR4 +Q2 ≥ 0 , (47)
on the radius of a stable stellar structure with mass M and electric charge Q. It turns out that
the above algebraic equation, when the equality holds, has a single positive real root and the above
inequality demands that the radius of the star should be larger than this root. This yields, the
following bound on the stellar radius,
R2 ≥ 3
16
[
9M +
27× 32/3M2
16
(
243M3 − 32Q2 + 8Q
√
−243M3 + 16Q2
)1/3
+ 31/3
(
243M3 − 32Q2 + 8Q
√
−243M3 + 16Q2
)1/3 ]
. (48)
It may appear that the above solution is complex for larger values of the mass, owing to the factor
(−243M3 + 16Q2), which may turn negative and is present under a square root. However further
manipulations reveal that the above solution is actually real. To see this, one first notices that
the terms within the cube root in the above expression actually forms a perfect square yielding
(
√
243M3 − 16Q2 ± 4iQ)2/3. Subsequent manipulation involving such quantity and its complex
conjugate yields the following simplified and manifestly real inequality for the radius of the stellar
structure,
M
R2
≤ 16
27
M
[
1 + 2 cos
(
2θ
3
)]−1
; θ = tan−1
(
4(Q/M3/2)√
243− 16(Q/M3/2)2
)
. (49)
As emphasized earlier, the inequality, in the above expression is manifestly real and more importantly
is constructed out of dimensionless quantities. For a quick check of the above inequality, note that
for Q = 0, the above inequality becomes consistent with the Buchdahl’s limit for four dimensional
general relativity, as expected from a pure Lovelock theory in d = 3N + 1 dimensions [20]. To bring
out the picture in a clearer fashion we have plotted the bound on the compactness ratio (M/R2),
of a stable stellar structure for pure Gauss-Bonnet gravity in six and seven dimensions in Fig. 2.
Following the trend in Einstein gravity, in pure Gauss-Bonnet theory as well, the compactness ratio
allowed for stable stellar structure increases as the spacetime dimension increases and as the charge
ratio increases. Moreover, a comparison between seven dimensional Einstein gravity and pure Gauss-
Bonnet gravity reveals that for higher order Lovelock theories the allowed parameter space for the
compactness ratio decreases (see Fig. 3), this is because gravitational interaction is weak in higher
order Lovelock theories in comparison with general relativity.
The above examples explicitly demonstrate the implications of the bound on the compactness ratio
presented in Eq. (42) for both Einstein gravity and pure Gauss-Bonnet gravity. As we have mentioned
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earlier, even though the bound on the stellar structure is generic enough to be applied to any pure Lovelock
gravity theory in arbitrary spacetime dimensions, it is difficult to obtain an analytic expression for the
bound in generic contexts. In which case one must determine the allowed compactness ratios by solving
the inequality numerically. The above discussion was for a charged shell surrounding a matter distribution
and in the next section we will take up the general case of a charged sphere and shall derive the bound
arising thereof.
3.4 General analysis of the bound on stellar structure
In the previous section we have discussed the case of a charged shell as a warm up exercise. In this section
we will consider the general analysis of the corresponding bound on the stellar structure. For which we
will closely follow the analysis presented in [11]. The analysis effectively depends on certain manipulations
of Eq. (31) and its subsequent integration. We start, by defining the following quantites,
η(r) ≡
∫ r
dr′ r′eλ/2
∫ r′
dr′′ e
λ+ν
2
[
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)]
, (50)
ψ ≡ eν/2 − η ; ξ ≡
∫ r
dr′ r′eλ/2 . (51)
Thus one can compute both (dψ/dξ) as well as (d2ψ/dξ2) and substitute those expressions in Eq. (31).
This leads to the following form for the central inequality, presented in Eq. (31) as,
re−ν/2
d2ψ
dξ2
=
2r3
e−λ
d
dr
[
1− e−λ
2r2
]{
−2ν
′(N − 1)e−λ
1− e−λ +
2 (d− 2N − 1)
r
}
≤ 0 . (52)
In order to arrive at the final inequality, we have assumed that, r−2(1−e−λ) decreases as the radial distance
increases. For the case of vanishing electric charge, the above condition corresponds to decreasing mass
density as one approaches the radius of the star. In the case of charged sphere as well it seems reasonable
to assume that the above condition holds. The above inequality can be trivially integrated, yielding,
dψ
dξ
≤ ψ(ξ)− ψ(0)
ξ
. (53) {inequality_gen}
Note that ξ = 0 corresponds to the central region of the star. Since at the center there is no electric
charge, it follows that η(0) = 0. Also there should be no interchange of time and space at the center,
which suggests eν(0) > 0 and hence ψ(0) > 0. Thus from Eq. (53) one arrives at the following condition,
dψ
dξ
≤ ψ(ξ)
ξ
(54)
Substituting for ψ, ξ and (dψ/dξ), it follows from the above inequality, that[∫ r
dr′ r′eλ/2
]{
e−λ/2
r
d
dr
eν/2 −
∫ r
dr′ e
λ+ν
2
[
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)]}
≤ eν/2 −
∫ r
dr′ r′eλ/2
∫ r′
dr′′ e
λ+ν
2
[
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)]
. (55) {gen_limit_01}
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The above inequality can be reduced further, provided certain realistic assumptions are used. The first
such assumption corresponds to {(1− e−λ)/r2} to be decreasing with an increase of r. This condition, as
emphasized earlier, relates to the fact that density of the stellar material decreases outward. It yields,
α(r′)
(
mgrav(r
′)
r′d−2N−1
)1/N
≥ α(r)
(
mgrav(r)
rd−2N−1
)1/N (
r′
r
)2
, (56) {assumption_01}
where, r′ ≤ r and we have defined the quantity α(r), through the following relation,
e−λ = 1− 2α(r)
(
mgrav(r)
rd−2N−1
)1/N
; α(r)N = 1− q
2
2Nmgravrd−3
. (57) {gen_def_01}
Substituting for α from Eq. (57) in Eq. (56) one can re-express the above inequality in terms of mass and
charge of the stellar object within some radius r. Therefore, using Eq. (56) and integrating the relevant
expression, one can demonstrate that the quantity ξ, defined earlier, satisfies the following inequality,
ξ−1 ≤ 2α(r)
(
mgrav(r)
rd−1
)1/N 1−
√
1− 2α(r)
(
mgrav(r)
rd−2N−1
)1/N−1 . (58) {condition_01}
We also need to invoke certain additional assumptions regarding the behaviour of the charge q(r) in order
to proceed further with the integrals in Eq. (55) involving charge. It turns out that in the present context,
the following assumption will suffice for our purpose,
1
(1− e−λ(r′))N−1
(
q2(r′)
r′2d−2N−1
)
e
ν(r′)
2 ≥ 1
(1− e−λ(r))N−1
(
q2(r)
r2d−2N−1
)
e
ν(r)
2 , (59) {assumption_02}
for r′ ≤ r. Using both the assumptions, namely, Eq. (56) and Eq. (59) we arrive at the following inequality,
which reads, ∫ r
dr′ e
λ(r′)+ν(r′)
2
[
2N−1(d− 2)
N(1− e−λ(r′))N−1
(
q2(r′)
r′2d−2N−1
)]
≥
[
2N−1(d− 2)e ν(r)2
N(1− e−λ(r))N−1
(
q2(r)
r2d−2N−1
)](
2α(r)
(
mgrav(r)
rd−1
)1/N)−1/2
× sin−1
√2α(r)(mgrav(r)
rd−2N−1
)1/N . (60) {condition_02}
Finally, using Eq. (60) and the assumptions introduced above, we obtain the following inequality for double
integration of the charge with appropriate coefficients appearing on the right hand side of Eq. (55) as,∫ r
dr′ r′eλ/2
∫ r′
dr′′ e
λ+ν
2
[
2N−1(d− 2)
N(1− e−λ)N−1
(
q2(r′′)
r′′2d−2N−1
)]
≥
[
2N−1(d− 2)e ν(r)2
N(1− e−λ(r))N−1
(
q2(r)
r2d−2N−1
)](
2α(r)
(
mgrav(r)
rd−1
)1/N)−3/2 [
r
(
2α(r)
(
mgrav(r)
rd−1
)1/N)1/2
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−
√
1− 2α(r)
(
mgrav(r)
rd−2N−1
)1/N
sin−1
√2α(r)(mgrav(r)
rd−2N−1
)1/N] . (61) {condition_03}
In order to arrive at the above inequality, we have used the following integration,∫ r
dr′
r′√
1− a2r′2 sin
−1(ar′) =
1
a2
[
ar −
√
1− a2r2 sin−1(ar)
]
(62)
with the identification, a2 = 2α(r){mgrav(r)/rd−1}1/N . We now have all the necessary ingredients to
re-express the Eq. (55) in a more manageable form. We want to revert back to the metric coefficients,
rather than explicitly writing down mass and charge terms as well as further simplifications based on
the assumptions described above can be made. Use of the inequalities derived in Eq. (58), Eq. (60) and
Eq. (61) in Eq. (55), yields the following modified inequality,
(
1− e−λ/2
)e−(λ+ν)/2
r
d
dr
eν/2 ≤ (1− e
−λ)
r2
+
[
2N−1(d− 2)r
N(1− e−λ)N−1
(
q2(r)
r2d−2N−1
)]{ sin−1 (√1− e−λ)
√
1− e−λ − 1
}
(63) {gen_limit_04}
The above inequality depends explicitly on ν′, which can be determined in terms of e−λ by using the
gravitational field equation presented in Eq. (14). This yields,
e−ν/2
d
dr
eν/2 =
eλ
rN
[
d− 2N − 1
2
(
1− e−λ)+ r2N2N−2
(1− e−λ)N−1
{
8pip− q
2
r2(d−2)
}]
=
2N−1(d− 2N − 1)eλ
N(1− e−λ)N−1rd−2N
[
mgrav(r) + 4pi(d− 2N − 1)prd−1 − q
2
rd−3
1 + 2N−1
2N (d− 2N − 1)
]
. (64)
Substituting the above expression in Eq. (63) and making certain manipulations we finally obtain the
inequality we were after,(
1− e−λ/2)
e−λ/2
(d− 2N − 1)
rd−2N+1
[
mgrav(r) + 4pi(d− 2N − 1)prd−1 − q
2
rd−3
1 + 2N−1
2N (d− 2N − 1)
]
≤ N(1− e
−λ)N
2N−1r2
+
[
(d− 2)r
(
q2(r)
r2d−2N−1
)]{ sin−1 (√1− e−λ)
√
1− e−λ − 1
}
. (65) {gen_limit_06}
Even though this result appears complicated, further manipulations along with appropriate assumptions
can lead to the desired limit on the stellar radius in pure Lovelock gravity with a charge term. However,
first we will confirm that in the absence of a charge term the above inequality indeed reproduces the
Buchdahl limit presented in [20].
3.4.1 The case of zero electric charge
In the case of zero electric charge, i.e., with q = 0, the above inequality presented in Eq. (65) will yield,
keeping in mind that radial pressure is always positive (p > 0),(
1− e−λ/2)
e−λ/2
(d− 2N − 1)
rd−2N+1
m(r) ≤ N(1− e
−λ)N
2N−1r2
. (66) {gen_limit_zeroq}
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In the above inequality if we replace e−λ with the corresponding solution arising out of gravitational field
equations presented in Eq. (28) with zero electric charge, then we obtain,(
2Nmgrav(r)
rd−2N−1
)1/N
≤ 1− 1(
1 + 2N(d−2N−1)
)2 = 4N(d−N − 1)(d− 1)2 . (67) {finalmass}
As evident from the above expression, this inequality is nothing but the analogue of the Buchdahl limit
for pure Lovelock gravity without the Maxwell term in the action. This explicitly demonstrates that the
general inequality presented in Eq. (65) indeed matches with the results of [20] for uncharged massive
stellar structures within the realm of pure Lovelock theories. We will now take up the case of the above
inequality with electric charge and shall simplify it further.
3.4.2 Final inequality with non-zero electric charge
The inequality presented in Eq. (65) can be further simplified with certain additional assumptions. The
first of such assumption, corresponds to (1− e−λ) being small. In which case it follows that
sin−1
(√
1− e−λ
)
√
1− e−λ − 1 =
1− e−λ
6
. (68)
Substituting this result in Eq. (65) and using the fact that at the surface of the star we have q(R) = Q
and mgrav(R) = M , after certain manipulations we obtain the following modified bound on the metric
elements,
e−λ/2 ≥
(d− 2N − 1)
[
M − Q2
Rd−3
1+2N−1
2N (d−2N−1)
]
(d− 1)M − Q2
2NRd−3 (2N + 1 + 2
N−1) + (d−2)6
(
Q2
Rd−3
)(
M
Rd−2N−1 − Q
2
2NR2d−2N−4
)1/N . (69) {gen_limit_09}
To proceed further we may express e−λ in terms of its constituents, i.e., the mass of the stellar object and
the electric charge it carries. In addition it is instructive to express all the relevant quantities in terms of
the dimensionless ratios, namely the compactness ratio (M/R) and the charge ratio (Q/M)M1−N , where
M =Md−2N−1. Therefore one may introduce the following definitions,
u ≡
(M
R
)d−2N−1
− 1
2N
(M
R
)2d−2N−4(
Q
MMN−1
)2
;
A =
B
2N
(M
R
)2d−2N−4(
Q
MMN−1
)2
; B = d− 2N − 2− 2N−1 , (70)
in terms of which Eq. (69) can be rewritten after appropriate manipulations as,(
1− 2u1/N
) [
(d− 1)u+A+Bu1/N
]2
≥
[
(d− 2N − 1)u+A
]2
. (71) {gen_limit_12}
This is the expression we were after. Note that for vanishing electric charge and in four spacetime dimen-
sions, we have A = 0 = B, such that the above inequality boils down to the Buchdahl’s limit for fluid
sphere in general relativity. To see its effect on Einstein gravity, we have substituted N = 1 in Eq. (71)
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Figure 4: The above figures present the allowed parameter space for the existence of a stable charged stellar
object in Einstein gravity and shows that the compactness ratio (M/R) of a stellar object is always smaller
than the event horizon (here, M = Md−3). Also as the charge ratio (Q/M) increases the compactness
ratio increases, since the radius of the star has to decrease to balance the repulsive electromagnetic force.
Among the above plots, the left figure is for d = 4 and the right figure is for d = 7. The green zone, whose
boundary is the blue dot-dashed line, depicts the region outside the event horizon, while the existence of
stable stellar structure is allowed below the black thick line.
and hence plotted the parameter space of the compactness ratio allowed by the above inequality in Fig. 4
for four and seven dimensions. As the figures demonstrate, the compactness ratio of the stellar structure
is always smaller than the compactness ratio of the event horizon. This is because, the radius of the
event horizon is always smaller than the radius of any stable stellar object. Furthermore, with increase of
spacetime dimensions the allowed parameter space becomes larger, as gravity becomes stronger, suggested
by analysis of the previous section as well.
For pure Gauss-Bonnet gravity, the parameter space in the compactness ratio allowed by the inequality
presented in Eq. (71) has been depicted in Fig. 5. We have presented the limit in both six and seven
spacetime dimensions. As the plots in Eq. (71) shows, the radius of the stable stellar structure always
remains larger than the event horizon and the allowed parameter space for compactness ratio significantly
decreases for pure Lovelock theories for charged sphere in comparison with the case of a charged shell
discussed earlier. Here also with an increase of the spacetime dimension the allowed parameter space
for compactness ratio becomes larger. Finally, a comparison between seven dimension Einstein and pure
Gauss-Bonnet theory depicts that the radius of a stable charged sphere will be much larger than the
corresponding one in Einstein gravity (see Fig. 6). This is consistent with the corresponding analysis of
the case of a charged shell presented in the previous section.
4 Bound on stellar structure in four dimensional Einstein-Gauss-
Bonnet gravity
In this section, we will discuss the stellar structure and limits to the same in the context of four dimensional
Einstein-Gauss-Bonnet gravity [29]. We would like to emphasize that this is to illustrate the techniques
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Figure 5: The above figures demonstrate the allowed parameter space for the existence of stable charged
objects in pure Gauss-Bonnet gravity and shows that the minimum radius is always larger than the event
horizon. The figure on the left is for six dimensions and the figure on the right is for seven spacetime
dimensions. The grey zone, whose boundary is the red dot-dashed line, depicts the region outside the
event horizon, while the existence of stable stellar structure is allowed below the blue thick line. Here the
compactness ratio is (M/R) and the charge ratio being (Q/MM), where M =Md−5.
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Figure 6: The above figure provides a comparison between the allowed parameter space of compactness
ratio for Einstein and pure Gauss-Bonnet gravity in d = 7 for stable charged object. As evident, the
allowed region for pure Gauss-Bonnet gravity for the existence of stable charged object is much smaller
compared to the Einstein gravity. This is simply because in a given spacetime dimension the gravitational
force is much stronger in Einstein gravity than in higher order pure Lovelock theories.
21
developed in the earlier sections for another example, which appeared recently in the literature. This
requires understanding both the exterior as well as the interior solution along with appropriate matching
conditions at the surface of the star. We will first review the exterior solution, which will also involve some
ingredients necessary for the analysis of the interior geometry.
4.1 Exterior vacuum solution
In what follows we will briefly review the exterior vacuum solution of a static and spherically symmetric
star in four-dimensional Einstein-Gauss-Bonnet theory [29]. The effective coupling constants are the
Newton’s gravitational constant G, such that κ1 = (1/16piG) and the redefined Gauss-Bonnet coupling
(d − 4)α ≡ β, such that when d → 4, β is finite. It must be emphasized that the validity of this limit
is far from obvious and may not even be valid. This is because, the action principle becomes infinite
and hence the path integral becomes ill defined, even in the Euclidean domain. Further, this requires the
Gauss-Bonnet coupling parameter α to be large (actually infinite) and hence will have serious implications
for string theory, since α can be expressed in terms of the string length scale, which must remain finite
at all cost. Thus as emphasized earlier, we will consider this scenario as merely a case where we wish to
illustrate the techniques developed in the previous sections and see if some further insight can be gained
through an understanding of the stellar structure. We start by writing down the temporal part of the
four dimensional gravitational field equations within the spherical star, presented in Eq. (3), which in the
present context takes the following form,
[
rλ′e−λ +
(
1− e−λ)]+ 16piGβ (1− e−λ)
r2
[
2rλ′e−λ − (1− e−λ)] = 8piGρ(r)r2 . (72) {density_eq_01}
The terms on the left most side are coming from the Einstein-Hilbert term in the Lovelock Lagrangian,
while the terms with β have their origin in the Gauss-Bonnet theory. It is instructive to re-express this
equation in the following form,
d
dr
[
r
(
1− e−λ)]+ 16piGβ d
dr
[
(1− e−λ)2
r
]
= 8piGρ(r)r2 , (73) {density_neq_01}
which can be immediately integrated upto a radius r, within the extent of the spherical star, yielding the
following algebraic equation for (1− e−λ),
r
(
1− e−λ)+ 16piGβ (1− e−λ)2
r
= 2Gm(r) ; m(r) ≡ 4pi
∫
dr r2ρ(r) . (74)
The above expression defines the mass function m(r), which denotes the total gravitational mass within a
radial distance r from the origin. Given the above quadratic equation in the quantity (1− e−λ), one can
solve for the same and hence determine the metric element e−λ. This leads to the following expression for
the grr component of the spacetime metric presented in Eq. (2),
e−λ = 1 +
r2
Υ
[
1−
√
1 +
4ΥGm(r)
r3
]
, (75) {solution_genn}
where, we have introduced a new parameter Υ ≡ 32piGβ ([Υ] = M−2 = L2). From the above solution
the metric outside the spherical star can be immediately computed by considering the radial coordinate
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to take values r ≥ R, where R is the radius of the star. Then we have m(r) = M , the total mass of the
star. Thus the metric outside the static and spherically symmetric star becomes [29],
e−λext = 1 +
r2
Υ
[
1−
√
1 +
4ΥGM
r3
]
, (76) {solution_ext}
where the subscript ‘ext’ reminds us that it is the external metric. In principle the solution for e−λ (and
also for e−λext) has two branches and we have taken the ‘-’ ve branch. This is because, we are interested
in the asymptotically flat spacetime and we demand the solution to have a proper general relativity limit,
i.e., the above solution must go smoothly to the Schwarschild solution in the limit Υ→ 0.
Another point must be stressed here. The above solution, for vacuum spacetime, depicts a black hole.
Interestingly, the horizon(s) of the black hole will satisfy the following algebraic equation, e−λext = 0, which
in this case translates into, the following equation for the horizon radius rh, 2Υr
2
h − 4ΥGMrh + Υ2 = 0.
This has the following solutions,
rh = GM
[
1±
√
1− Υ
2G2M2
]
(77)
Therefore, the causal structure is radically altered, instead of a single horizon, the spacetime now has two
horizons. This is in complete contrast to the higher dimensional solutions in Einstein-Gauss-Bonnet theory
where there is only one horizon even after the introduction of the Gauss-Bonnet coupling. Therefore, the
D → 4 limit is in some sense spurious as it is generating two horizons out of one. Also the singularity
becomes timelike, rather than being spacelike, as in the case of a charged black hole. Therefore, in this
scheme of dimensional reduction, the spacetime structure itself is radically altered, however small Υ may
be. This points towards a potential failure of the dimensional reduction scheme mentioned above.
The existence of a second horizon also brings in additional complications in the theory, which are
absent in higher dimensional Einstein-Gauss-Bonnet theory. This has to do with strong cosmic censorship
conjecture. Generically any spacetime inheriting a Cauchy horizon is plagued with the violation of strong
cosmic censorship conjecture, where the metric can be extended across the Cauchy horizon as a weak
solution of the gravitational field equations [36–39]. It turns out that the same is true is true in this
scenario as well [40] and hence is a potential problem, which is absent in Einstein-Gauss-Bonnet theories
in higher spacetime dimensions.
Returning back to our main theme, note that the other metric element, i.e., eν(r) must also be solved
for. This requires solving the radial part of the gravitational field equations, which in four spacetime
dimensions can be expressed as,[
rν′e−λ − (1− e−λ)]+ 16piGβ (1− e−λ)
r2
[
2rν′e−λ +
(
1− e−λ)] = 8piGpr2 . (78) {pressure_eq_01}
This follows immediately from Eq. (4), after defining the new coupling constant β and specializing to
four spacetime dimensions. Subsequent addition of Eq. (72) and Eq. (78) yields, with the redefinition of
32piGβ = Υ, as in the earlier discusion, the following equation
8piG (ρ+ p) r2 = re−λ (λ′ + ν′) +
Υ
r
e−λ(1− e−λ) (λ′ + ν′) . (79) {sum_eq_01}
In the exterior region, there is no matter source and hence pext(r) = 0 = ρext(r). Setting the same
condition in Eq. (79), we obtain λ′ext + ν
′
ext = 0, such that, e
νext = e−λext . This completes the derivation
of the four dimensional static spherically symmetric solution in the exterior of a compact stellar object in
Einstein-Gauss-Bonnet gravity and matches with the result presented in [29].
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4.2 Interior solution with uniform density
We have worked out the exterior solution of a stellar object in the context of a four dimensional Einstein-
Gauss-Bonnet gravity, which matches with the solution presented in [29]. Let us now work out the interior
solution of the stellar structure. For simplicity, we will first work out the interior solution of a uniform
density spherical star, i.e., with ρ = constant = ρc. In the next section we will generalize our result for
non-uniform density star as well. Even though in this section we assume uniform density, but we will not
make any assumption about the pressure, which will be taken to be isotropic and function of the radial
coordinate alone. If the spherical star has a radius R, then the total mass of the spherical star will be given
by, M = (4pi/3)ρcR
3. In this scenario, integration of Eq. (73) is straightforward, yielding the following
algebraic equation for (1− e−λint),
r(1− e−λint) + 16piGβ
r
(1− e−λint)2 = 8piGρcr
3
3
= 2GM
( r
R
)3
, (80)
where the subscript ‘int’ implies that the quantities involved are associated with the interior solution. The
above quadratic equation can be immediately solved, yielding,
e−λint = 1− µr2 ; µ ≡ 1
Υ
[√
1 +
4GMΥ
R3
− 1
]
, (81) {solution_int_01}
where we have introduced, 32piGβ ≡ Υ and have choosen the ‘+’ ve branch of the solution so that correct
general relativity limit can be obtained. Note that, from Eq. (75) it follows that, e−λint(R) = e−λext(R),
i.e., the grr component of the metric is continuous across the stellar surface located at r = R. However,
the derivatives of e−λ does not match on the stellar surface at r = R. This is because, the density has a
discontinuity at the surface of the star, i.e., ρ(r → R−) = ρc, while ρ(r → R+) = 0. This finishes one part
of the interior solution and it explicitly demonstrates that the grr component of the interior metric has
the same universal structure as other Lovelock classes for uniform density sphere [14].
Let us now concentrate on the solution for the other metric component, eνint(r), for which the gravita-
tional field equation along with the conservation equation can be appropriately manipulated, yielding (for
a derivation see Appendix A),(
1− Υ
r2
[
rν′inte
−λint + (1− e−λint)]) d
dr
[
1− e−λint
2r2
]
=
(
1 +
Υ(1− e−λint)
r2
)
e−(νint+λint)/2
d
dr
[
1
r
e−λint/2
d
dr
eνint/2
]
. (82) {reduced_eq_02}
Since r−2(1− e−λint) is constant for a uniform density sphere, it follows that the left hand side of Eq. (82)
identically vanishes. Thus eνint satisfies the following differential equation,
d
dr
eνint/2 = Areλint/2 =
Ar√
1− µr2 , (83)
which can be immediately integrated, yielding,
eνint/2 = A+B
√
1− µr2 = A+Be−λint/2 . (84) {solution_int_02}
where A and B are to be obtained by matching eνint and its derivative with the exterior solution. The
matching will exist for both the metric component and its derivative, since the pressure at the surface of
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the star identically vanishes, matching with the vacuum exterior. These conditions yield the following two
equations,
A+Be−λint(R)/2 = eνext(R)/2 , (85)
B
(
d
dr
e−λint/2
)
R
=
(
d
dr
eνext/2
)
R
. (86)
Using the result that eνext/2 = e−λext/2 and on the surface of the star, e−λext(R)/2 = e−λint(R)/2, the
matching equations can be immediately solved to determine the unknown constants A and B as,
B =
1
µΥ
 1 + GMΥR3√
1 + 4GMΥR3
− 1
 ; A = √1− µR2
1− 1µΥ
 1 + GMΥR3√
1 + 4GMΥR3
− 1
 . (87)
It is worth emphasizing that alike e−λint , eνint also shows universal behaviour, in the sense the form of the
solution is identical to that of pure Lovelock theory of any order [14]. This further reinforces the belief
that all Lovelock theories behave in an identical manner as long as interior solution to the uniform density
stellar structure is considered. Further, one can immediately verify that the above expressions for A and
B matches with those in general relativity in the Υ→ 0 limit.
Having derived the full interior solution for the metric elements, let us work out the limit on the stellar
structure, also known as the Buchdahl limit. The derivation crucially hinges on the physical argument
that pressure of the matter forming the star should be positive and finite everywhere, including the centre.
It also follows that (1− e−λint) > 0 for all points within the stellar structure, which along with positivity
of pressure demands from Eq. (78),
rν′ie
−λint > 1− e−λint . (88) {ineq_01}
There is also the additional but, well motivated assumption that the Gauss-Bonnet coupling parameter α
(and hence Υ) is positive. From Eq. (81) and Eq. (84), we can read off the quantity ν′int,
ν′int =
B
A+B
√
1− µr2
(
−2µr√
1− µr2
)
, (89)
which when substituted in the inequality presented by Eq. (88) yields,
−2B
√
1− µr2
A+B
√
1− µr2 > 1 . (90)
This inequality must hold true even at the center of the star, since the pressure is everywhere positive and
finite, which implies (A+B) > 0, since B is intrinsically negative. This provides the following inequality
among the radius of the star and various parameters of the star, which takes the following form,
A+B =
√
1− µR2
1− 1µΥ
 1 + GMΥR3√
1 + 4GMΥR3
− 1
+ 1µΥ
 1 + GMΥR3√
1 + 4GMΥR3
− 1
 > 0 . (91)
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This relation can be further simplified by invoking Eq. (81), from which one can derive the following
identities,
1 + Υµ =
√
1 +
4GMΥ
R3
; 1 +
GMΥ
R3
=
(1 + Υµ)
2 − 1
4
+ 1 =
4 + 2Υµ+ Υ2µ2
4
, (92)
which helps to write down the condition A+B > 0 in the following form,√
1− µR2
(
1 +
Υµ
2
)
>
1
3
(
1− Υµ
2
)
. (93) {limit_01}
We will now manipulate the above equation and hence determine a possible bound on µ, which will
subsequently yield the desired bound on the compactness ratio (M/R). As a first step in this direction,
we square Eq. (93), yielding
(
1− µR2) ≥ 1
9
(
2− µΥ
2 + µΥ
)2
. (94) {final_eq_08}
Till this point the results were most general and no assumption about Υ was taken. However, to proceed
further, we ignore terms O(Υ2) and obtain the following algebraic condition on µ,
0 ≤ −9ΥR2 (µ− µ+) (µ− µ−) , (95) {final_eq_09}
where, the quantities µ± are given by,
µ± =
(−10Υ + 9R2)± {(9R2)+ 6Υ− 16Υ28R2 + (10Υ)218R2 }
−18ΥR2 . (96)
Thus for the inequality presented in Eq. (95) to hold true, the parameter µ must satisfy the condition
µ < µ−, which after simplification provides the following bound on µ,
µ <
8
9R2
+
16Υ
81R4
. (97)
Since µ is a function of the ratio between mass of the stellar object M and its radius R, one can convert
the above limit on µ to a limit on (M/R). This is most conveniently done by using the expression for µ
from Eq. (81) and expanding the same till first order in Υ. Such an analysis leaves us with the following
inequality,
GM
R
≤ 4
9
+
8
27
(
Υ
R2
)
. (98) {final_limit}
It is possible to state the above as the desired inequality that the mass and radius of the star must satisfy.
However, the primary aim of the Buchdahl limit is to provide a constraint on the minimum radius given
the mass of the star. Thus it is more legitimate to re-express the above inequality with all the radius
dependence shifted to the left hand side of the above inequality, this yields,
GM
R
≤ 4
9
+
2
3
(
4
9
)3(
Υ
G2M2
)
. (99) {final_limit_mod}
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Figure 7: The above figures present the allowed parameter space for the existence of a stable stellar
structure in four dimensional Einstein-Gauss-Bonnet gravity. The left figure, which is for four dimensional
Einstein-Gauss-Bonnet gravity, clearly demonstrates that the minimum stable radius for a stellar structure
is always larger than the event horizon. On the other hand, the right figure is for comparison with the
corresponding situation in Einstein gravity. The orange zone, at the top of the figure at the right hand
side, between blue and red, dot dashed line, depicts the region where discrepancy with general relativity
may arise. Here the compactness ratio stands for (M/R).
The above inequality provides the limit on the minimum radius a stellar structure of a given mass M
can have in four dimensional Einstein-Gauss-Bonnet gravity. For Υ = 0, we immediately get back the
Buchdahl limit, (GM/R) < (4/9), while for Υ 6= 0, the bound on the ratio of the mass and radius of the
star is larger than the limit on general relativity. Also note that we have here Υ = (d − 4)32piGα, thus
if we take the d → 4 limit, while keeping α finite, it follows that the above limit will reduce to Buchdahl
limit for four dimensional general relativity.
For clarity we have presented the allowed parameter space for the compactness ratio (GM/R), so that a
stable stellar object can exist in the four dimensional Einstein-Gauss-Bonnet gravity, in Fig. 7. As the plots
suggest, radius of the stellar object remains larger than the event horizon, or equivalently the compactness
ratio of the stellar object remains smaller than the event horizon. Further, for larger mass, i.e., smaller
(Υ/M2) ratio, the difference of the four dimensional Einstein-Gauss-Bonnet gravity with general relativity
is smaller. Only for small mass stellar objects (or, larger (Υ/M2) ratio) there can be some measurable
departure from general relativity (see Fig. 7).
We would like to emphasize that the above inequality was derived assuming the interior of the star to
have uniform density, which is an idealized situation. In general, the density should be a function of the
radial coordinate as well, i.e., the density should be non-uniform within the stellar structure. In the next
section we show that even with non-uniform density the same limit on the ratio of mass and radius of the
star can be obtained.
4.3 Interior solution with non-uniform density
Let us generalize the result we have derived in the previous section for uniform density to the case of
non-uniform density as well. The temporal part of the differential equation can be solved for the radial
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component of the interior metric, e−λint in closed form, which is given by Eq. (75). Arising out of which
we have the following result,
d
dr
[(
1− e−λint)
2r2
]
=
1√
1 + 4ΥGm(r)r3
d
dr
(
Gm(r)
r3
)
. (100)
The quantity m(r)/r3 can be interpreted as the average density of the fluid material forming the interior
of the stellar structure, which in normal circumstances will decrease in the outward direction. Thus one
can argue that m(r)/r3 will also decrease with increase in r, therefore the left hand side of Eq. (82) will
be negative (since the term multiplying it is necessarily positive, as Υ > 0). Thus the left hand side of
Eq. (82) is negative, which in turn imposes the following inequality
e−(νint+λint)/2
d
dr
[
1
r
e−λint/2
d
dr
eνint/2
]
≤ 0 , (101) {final_eq_02}
provided the following two conditions hold,(
1− Υ
r2
[
rν′inte
−λint + (1− e−λint)]) > 0 ; as well as (1 + Υ(1− e−λint)
r2
)
> 0 . (102)
Since we are interested with positive Υ and ultimately we will consider the case of small Υ, the above
conditions are expected to hold. Thus for our purpose, the inequality presented by Eq. (101) will certainly
hold true. One can now integrate Eq. (101) from the surface of the star at r = R to a radius r in the
interior of the star, yielding,
1
r
e−λint/2
d
dr
eνint/2 ≥ 1
R
e−λint(R)/2
(
d
dr
eνint/2
)
r=R
, (103) {final_eq_03}
where the terms on the right hand side have been evaluated at the surface of the star. Since eν and its first
derivative must be continuous at the surface of the star, one can compute the derivative of the interior
metric element eνint at the surface of the star by using the exterior metric element, which is known. From
a straightforward calculation, it follows that,(
d
dr
eνint/2
)
r=R
=
R
Υe−λs/2
1− 1 + ΥGMR3√
1 + 4ΥGMR3
 . (104)
Thus the inequality presented in Eq. (103) takes the following form,
1
r
e−λint/2
d
dr
eνint/2 ≥ 1
Υ
1− 1 + ΥGMR3√
1 + 4ΥGMR3
 . (105) {final_eq_04}
A simple calculation will assure one about the correct general relativity limit of the above equation by
taking the limit Υ → 0 in a careful manner. Integrating Eq. (105) from the surface of the star to the
centre of the star, we obtain,
eνint/2(r = R)− eνint/2(r = 0) ≥
∫ R
0
dr reλ/2
1
Υ
1− 1 + ΥGMR3√
1 + 4ΥGMR3
 . (106)
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Using the continuity of the metric elements across the surface of the star, the above inequality can also be
rewritten in the following form,
eνint/2(r = 0) ≤
√√√√1 + R2
Υ
[
1−
√
1 +
4ΥGM
R3
]
− 1
Υ
1− 1 + ΥGMR3√
1 + 4ΥGMR3
∫ R
0
dr
r√
1 + r
2
Υ
[
1−
√
1 + 4ΥGm(r)r3
] . (107)
Since the average density decreases outward, then it follows that the following inequality (m(r)/r3) >
(M/R3) must hold, where M is the total mass and R is the radius of the sphere. Use of the above
condition, makes the inequality presented in the previous equation stronger and hence we have,
eνint/2(r = 0) ≤
√√√√1 + R2
Υ
[
1−
√
1 +
4ΥGM
R3
]
− 1
Υ
1− 1 + ΥGMR3√
1 + 4ΥGMR3
∫ R
0
dr
r√
1− µr2 , (108) {final_eq_05}
where, µ has been defined in Eq. (81). Integrating Eq. (108) and manipulating the resulting equation
appropriately, we obtain,
eνint/2(r = 0) ≤ 3
2
√
1− µR2
(
1 + (µΥ/2)
1 + µΥ
)
− 1
2
[
1− (µΥ/2)
1 + µΥ
]
. (109) {final_eq_06}
Since the metric elements should be finite everywhere and the signature convention for the metric must
be respected, it follows that eνint/2(r = 0) > 0. Thus applying this condition to Eq. (109), we obtain,√
1− µR2
(
1 +
µΥ
2
)
≥ 1
3
(
1− µΥ
2
)
(110) {final_eq_07}
This is same as Eq. (93), which we had derived in the context of uniform density star. The rest of the
analysis will exactly parallel the one presented in the case of uniform density star and thus ultimately we
will arrive at an identical limit on the compactness ratio (M/R) as in Eq. (98). Hence the limit on the
stellar structure, derived in Eq. (98), is indeed valid, irrespective of the constitutes of the star, as long as
spherical symmetry and isotropy is respected.
4.4 Can a similar situation exist within pure Lovelock gravity?
The above discussion about four dimensional Einstein-Gauss-Bonnet gravity prompts one to search for
similar situation in pure Lovelock theories as well. We know that a pure Lovelock theory of order N
does not contribute to the field equations in spacetime dimension d = 2N , thanks to the factor (d− 2N)
appearing in the gravitational field equations, see Eq. (3) and Eq. (4) respectively. Thus one may ask, can
there be any non-trivial static and spherically symmetric solution in pure Lovelock theories as we consider
the limit d → 2N , such that (d − 2N)κN = constant. To see the consequence, let us express Eq. (3) for
Nth order pure Lovelock gravity with a perfect fluid source in the following form,
[(d− 2)(d− 3) · · · (d− 2N)]κN (1− e
−λ)N−1
2r2N
[
Nrλ′e−λ + (d− 2N − 1) (1− e−λ)] = 1
2
ρ . (111)
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Thus the contribution from Nth order pure Lovelock gravity vanishes in spacetime dimension d = 2N , if
we keep κN finite, as expected. However, following the limiting procedure pointed out in [29], if consider
the limit d→ 2N , while keeping the quantity (d− 2N)κN ≡ βN finite, then the above equation becomes,[
N
r
λ′e−λ
(
1− e−λ)N−1 − (1− e−λ)N
r2
]
=
2N
γN
× (4piρ r2N−2) , (112)
where, the coupling constant γN is defined in terms of the original coupling βN as,
γN
16pi
= {(d− 2)(d− 3) · · · (d− 2N + 1)}2N−2βN . (113)
The left hand side of the temporal part of the gravitational field equation, presented above, can be
expressed as a total derivative term, which can be integrated, leading to the following expression for the
metric element,
e−λ = 1−
(
2NM
γN
)1/N
r1/N . (114)
Thus for Nth order pure Lovelock theory one cannot obtain a static and spherically symmetric solution in
d = 2N dimension, which is asymptotically flat. This shows that somehow pure Lovelock theories do not
such a limiting procedure to obtain any non-trivial solution in spacetime dimensions d = 2N . This acts as
another discerning feature of Nth order pure Lovelock theories. To reiterate, just as pure Einstein gravity
in two dimensions is vacuous, the pure Lovelock theory in d = 2N dimension is also not of any physical
significance, even when appropriate limiting procedure to keep (d − 2N)κN as a constant has been used.
Thus we can safely conclude, unlike the case of Einstein-Lovelock theories, where the limiting procedure,
d → 2N , while keeping (d − 2N)κN finite, may lead to non-trivial asymptotically flat solution, such a
procedure does not work for pure lovelock theories.
5 Concluding Remarks
Stability of stellar structure is one of the most important requirement for feasibility of a gravitational
theory to be realized in nature. Even though in general contexts it is difficult to determine such criterion
for stability of a stellar structure, surprisingly with reasonable assumptions one can indeed make signifi-
cant progress and determine a bound on the compactness ratio of the stellar object. The bound on the
compactness ratio tells us that given a certain mass for the stellar object, its radius cannot be smaller than
certain value predicted by the upper limit of the above mentioned bound. For example, in the context
of general relativity, the above bound on the stellar structure corresponds to (M/R) < (4/9), assuming
the matter distribution to be isotropic and matter density inside the stellar structure to be decreasing as
one progresses to the outside region of the stellar structure. It turns out that the bound on the stellar
structure gets modified if it inherits electric charge.
Motivated by the interesting and desirable properties of pure Lovelock theories in higher spacetime
dimensions we have studied the above bound for stellar structures in pure Lovelock theories with or without
the Maxwell field. To keep the analysis general we have considered all possible means of arriving at the
bound on charged stellar structures. To begin with, we have expressed the gravitational field equations
in pure Lovelock theories of arbitrary order N , in arbitrary spacetime dimension d, in presence of the
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Maxwell field. It turns out that in the context of static and spherical symmetry, the temporal part of the
field equation can be explicitly solved, yielding the radial metric component eλ, both inside and outside
the stellar object. Due to the presence of additional energy from the Maxwell field, the gravitational mass
as experienced by an observer outside the stellar structure differs from the inertial mass. Since the external
observer experiences the gravitational mass, rather than the inertial mass, the bound we obtain is also in
terms of the gravitational mass of the stellar object. By manipulating these gravitational field equations,
along with the conservation relation for the matter energy momentum tensor, we have been able to arrive
at the desired bound, both for a charged shell and a charged stellar object. Interestingly, both the limits
reduce to the general relativistic counterparts in four dimensions derived in earlier literatures. Through
these bounds we have been able to provide the limit on the stellar structures inheriting the Maxwell field
for arbitrary orders of pure Lovelock theories and in arbitrary spacetime dimensions. For example, we have
explicitly demonstrated the case for a d dimensional Einstein gravity and seven dimensional pure Gauss-
Bonnet theory. As the trends indicate, with increase of the dimensionless charge ratio (Q/M)M1−N ,
where M =Md−2N−1, the radius of the star decreases and hence the compactness ratio (M/R) increases.
Also with the increase of spacetime dimensions, the compactness ratio increases, this is because gravity
becomes stronger in higher spacetime dimensions. This behaviour of the compactness ratio holds true
for a charged shell and also for a charged sphere in pure Lovelock theories. Interestingly, the degeneracy
present between pure Lovelock theories in d = 3N + 1 dimensions can be broken using Maxwell field and
thus the bound on compactness ratio becomes different for different pure Lovelock theories in d = 3N + 1
dimensions.
As an aside, we have also discussed the case of four-dimensional Einstein-Gauss-Bonnet theories (with
α being the Gauss-Bonnet coupling parameter) which are obtained by taking d → 4 limit, while keeping
(d − 4)α to be a constant. Even though this limiting procedure can have several disadvantages, e.g., it
renders the action formulation ill-posed, we have explored whether stable structures can exist within this
gravity theory by using the techniques developed earlier in this paper. The compatibility of the results with
the charged case follows from the fact that the four dimensional static and spherically symmetric black
hole in Einstein-Gauss-Bonnet gravity changes the spacetime structure radically and introduces Cauchy
horizons. This is akin to the introduction of an electric charge. As our results explicitly demonstrate, the
effect of the redefined Gauss-Bonnet coupling parameter has an effect on the stellar structure, identical to
that of an electric charge. Here also with an increase of the dimensionless coupling parameter (Υ/M2),
the compactness ratio (M/R) increases, i.e., the radius of the stellar object decreases. Finally, we have
shown that in pure Lovelock theories such a limiting procedure does not lead to any meaningful static
and spherically symmetric solution and hence is free from any ambiguities and complications arising out
of this dimensional reduction.
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A Derivation of the interior solution for four dimensional Einstein-
Gauss-Bonnet gravity
In this section we will derive Eq. (82) in the context of four dimensional Einstein-Gauss-Bonnet gravity,
which will be central to our analysis of the stability of stellar structures in this model. For this purpose,
we start by differentiating the pressure equation, presented in Eq. (78), which reads,
8piG
dp
dr
=
d
dr
[
1
r2
{
rν′e−λ − (1− e−λ)}+ 16piGβ (1− e−λ)
r4
{
2rν′e−λ +
(
1− e−λ)}]
= − 2
r3
{
rν′e−λ − (1− e−λ)}+ 1
r2
{
rν′′e−λ + ν′e−λ − rν′λ′e−λ − λ′e−λ}
+ 16piGβ
[
− 4(1− e
−λ)
r5
{
2rν′e−λ +
(
1− e−λ)}
+
(1− e−λ)
r4
{
2rν′′e−λ + 2ν′e−λ − 2rν′λ′e−λ + λ′e−λ}
+
λ′e−λ
r4
{
2rν′e−λ +
(
1− e−λ)} ] . (A.1)
Rearranging terms, the above equation can also be expressed as,
16piGr2
dp
dr
= −4
r
{
rν′e−λ − (1− e−λ)}+ {2rν′′e−λ + 2ν′e−λ − 2rν′λ′e−λ − 2λ′e−λ}
+ 16piGβ
[
− 8(1− e
−λ)
r3
{
2rν′e−λ +
(
1− e−λ)}
+
2(1− e−λ)
r2
{
2rν′′e−λ + 2ν′e−λ − 2rν′λ′e−λ + λ′e−λ}
+
2λ′e−λ
r2
{
2rν′e−λ +
(
1− e−λ)} ] . (A.2)
Using the conservation equation, i.e., Eq. (5), we obtain, 16piGr2(dp/dr) = −8piGν′r2(ρ + p). Thus
replacing the left hand side of the above equation with −8piGν′r2(ρ + p) and using Eq. (79), arising out
of addition of radial and temporal part of the gravitational field equations, we obtain,
− 4
r
{
rν′e−λ − (1− e−λ)}+ {2rν′′e−λ + 2ν′e−λ − 2rν′λ′e−λ − 2λ′e−λ}
+ 16piGβ
[
− 8(1− e
−λ)
r3
{
2rν′e−λ +
(
1− e−λ)}+ 2(1− e−λ)
r2
{
2rν′′e−λ + 2ν′e−λ − 2rν′λ′e−λ + λ′e−λ}
+
2λ′e−λ
r2
{
2rν′e−λ +
(
1− e−λ)} ]+ rν′e−λ (λ′ + ν′) + 32piGβ
r
ν′e−λ(1− e−λ) (λ′ + ν′) = 0 . (A.3)
This equation can be rearranged in the following manner,
− 2
r
e−λ
[−2 (eλ − 1)+ rλ′]+ e−λ {2rν′′ + rν′2 − 2ν′ − rν′λ′}
+
32piGβ(1− e−λ)
r2
[
2
r
e−λ
{
rλ′ − 2 (eλ − 1)}+ e−λ {2rν′′ + rν′2 − 2ν′ − rν′λ′}− 4ν′e−λ
32
+
2rν′λ′e−2λ
(1− e−λ)
]
= 0 . (A.4) {reduced_eq_01n}
Using the following two identities,
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
e(ν−λ)/2
4r2
{
2rν′′ + rν′2 − 2ν′ − rν′λ′} , (A.5) {app_identity_01}
d
dr
[
1− e−λ
2r2
]
=
e−λ
2r3
[−2 (eλ − 1)+ rλ′] , (A.6) {app_identity_02}
we can re-express Eq. (A.4), with 32piGβ = Υ as,
− 4r2
(
1− Υ(1− e
−λ)
r2
)
d
dr
[
1− e−λ
2r2
]
+
(
1 +
Υ(1− e−λ)
r2
)
e−λ
4r2
e(ν−λ)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
+
Υ(1− e−λ)
r2
[
− 4ν′e−λ + 2rν
′λ′e−2λ
(1− e−λ)
]
= 0 . (A.7) {reduced_eq_01}
The last term in the above expression can be expressed as,
Υ(1− e−λ)
r2
[
− 4ν′e−λ + 2rν
′λ′e−2λ
(1− e−λ)
]
=
2Υν′e−2λ
r2
[
− 2(eλ − 1) + rλ′
]
= 4Υν′e−λr
d
dr
[
1− e−λ
2r2
]
. (A.8)
Using the above expression in Eq. (A.7), we arrive at the desired expression presented in Eq. (82) in the
main text.
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